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Abstract. We study Hilbert functions of maximal CM modules over CM local 
rings. We show that if A is a hypersurface ring with dimension d > then the 
Hilbert function of M with respect to m is non-decreasing. If A = Q/{f) for 
some regular local ring Q, we determine a lower bound for eo(M) and ei(M) 
and analyze the case when equality holds. When A is Gorenstein a relation 
between the second Hilbert coefficient of M, A and S^{M) = (Syz^(M*))* 
is found when G{M) is CM and depth G(A) > d — 1. We give bounds for 
the first Hilbert coefficients of the canonical module of a CM local ring and 
analyze when equality holds. We also give good bounds on Hilbert coefficients 
of M when M is maximal CM and G(M) is CM. 



Introduction 

Let (A, m) be a d-dimensional Noetherian local ring and M a finite A-module. 
Let G{A) — 0„>o 'T^"/"^"'*'^ be the associated graded module of A and G{M) — 
®n>o '^"'M/m"'^^M the associated graded module of M considered as a G{A)- 
module. We set depth G(A/) = grade(A^, G(Af)) where M = 0„>i m"/m"+i is 
the irrelevant maximal ideal of G{A). If N is an A- module then ijl{N) denotes its 
minimal number of generators and \{N) denotes its length. The Hilbert function 
of M (with respect to m) is the function 

H{M, n) = A(m"M/m"+iM) for aU n > 

In this paper we study Hilbert functions of maximal CM {— MCM) modules. If 
A is regular then all MCM modules are free. The next case is that of a hypersurface 
ring. 

Theorem 1. Let (A,m) be a hypersurface ring of positive dimension. If M is a 
MCM A-module, then the Hilbert function of M is non- decreasing. 

This result is a corollary of a more general result (see Theorem 13. 3|l which also 
implies that the Hilbert function of a complete intersection of codimension 2 and 
positive dimension is non-decreasing (see Corollary 13.5(1 . Another application of 
Theorem l3.3l vields that, if (A, m) is equicharacteristic local ring of dimension d > 0, 
/ is an m-primary ideal with /i(/) = d+1 and M is an MCM A-module, then the 
Hilbert function of M with respect to / is non-decreasing (see Theorem 13. 

The formal power series 

^fM(^) = 5I^(^^'")^" 

n>0 
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is called the Hilbert series of A/. It is well known that it is of the form 

Hm{z) — 7T~~"^"T~i where r — dimM and hM{z) G Z[z]. 
(i — z) 

We call hM{z) the h-polynomial of M. If / is a polynomial we use /'^'^ to denote 

its i-th derivative. The integers ei{M) = hfj{l)li\ for i > are called the Hilbert 
coefficients of M. The number e(M) = eo{M) is the multiplicity of M. Set 

i 

X,{M) = ^{-iy-^e^-j{AI) + (-1)'+V(M) for each i > 0. 

3=0 

Let M be a MCM module over a hypersurface ring A = Q/{f), where {Q,n) is 

a regular local. If ^ Q" A/ ^ is a minimal presentation of M then 

i{M) — max{j | all entries of </> are in n*} is an invariant of A/. 

Theorem 2. Let {Q,n) be a regular local ring, / e n*^ \ n'^+^, e > 2, A = Q/{f), 
M a MCM A-module and K = Syz^(Af). Then 

1. e(Af) > ii{M)i{M) and ei(Af) > /i(Af) ('^f . 

2. M is a free A-module if and only if i(M) = e. 

3. Ifi{M) = e - 1 t/ie« G{M) is CM. 

4. r/ie following conditions are equivalent: 

i. e{M) = ^(Af)i(A4"). 

ii. ei(Af) = MM)f(f)). 

iii. G{M) is CM and hM{z) = ti{M){l + z + ... + 

// these conditions hold and M is not free, then G{K) is CM and hj^lz) ~ 
Ai(Af)(l + z + ... + z"-*(*^)-i). 

If A is complete and A/ is a Cohen-Macaulay(= CM) A-module then there exists 
a Gorenstein local ring R such that Af is a MCM i?-module. So it is significant to 
see how Hilbert functions of MCM modules over Gorenstein rings behave. 

When A is CM, Ai" is a MCM A-module and N = Syzf (Af) then 

(1) ^iiM)eliA) > eiiM) + eiiN) & ^i{M)xl{A) > xi{M) + xi{N). 

For the first inequahty see [113 17(3)]. The second follows from ^ 21(1)]. 

In the theorem below we establish similar inequalities for higher Hilbert co- 
efficients of MCM modules over Gorenstein rings. For every A-module we set 
M* = HomA(Af, A). Note that if M is MCM then so is M* cf.[l 3.3.10.d]. Also, 
type(Af) = dimfc ExtJ^(fc, M) denotes the Cohen-Macaulay type of M. 

Theorem 3. Let (A,m) be a Gorenstein local ring. Let A/ be a MCM A-module. 
Set T = type(Af) and S'^iM) = (Syz^'(Af*))*. If G{M) is CM and depth G(A) > 
d — 1 then the following hold 

1. re2(A) > 62 (A//) + 62(8'^ (M)) and rx2(A) > X2(M) -t- X2{S'^{M)). 

2. type(Af)ei(A) > ei{M) and type(A^)xi(A) > Xi{M) for each i > 0. 

Let A be CM with a canonical module lua- Set r — type A. It is well known 
that eo{uJA) = eo(A). Using 10, Theorem 18] it follows that 61(0;^) < ''"ei(A) with 
equality if and only if A is Gorenstein. Here we give a lower bound on Ci^loa). 

Theorem 4. Let (A, m) be a CM local ring of dimension d > 1 and with a canonical 
module lua- Set t — type A. We have 
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(1.) T-iei(A) < ei{LUA) < Tei{A). 

(2.) (a.) 61(0;^) — Tei{A) iff A is Gorenstein. 

(b.) ei{A) = Tei(wyi) ijf A is Gorenstein or A has minimal multiplicity. 
(3.) If dim A = 1 and G{A) is CM then 

e-i{A) < TCiliUA) md Xi(^) ^ TXii'-^A) for each i > 1. 

Let A — k[[xi, . . . ,Xn\]/c[ be CM with q C (x)^ and k an infinite field. Let 
1 < r < d. For any two sets of r sufficiently general fc-linear combinations of 
xi,...,Xi, say yi,...,yr and zi,...,Zr we show H{A/{y),n) = H{A/{z),n) for 
each n > (see l7.6|l . We use it to bound Hilbert coefficients of M if G{M) is CM 
(see Theorem 17.811 . 

Here is an overview of the contents of the paper. In Section 1 we introduce nota- 
tion and discuss a few preliminary facts that we need. The proof of the Theorems 
1 and 3 involves a study of the modules; Lt{M) = 0„>o Tor^(A/m"+\ M) for aU 
t > 0. li xi, . . . ,Xs is a. sequence of elements in m then, in section 2, we give Lt{M) 
a structure of a graded . . . , Xs]-module. We prove Theorem 1 in Section 3, 

Theorem 2 in Section 4 and Theorem 3 in Section 5. We prove Theorem 4 in section 
6. In Section 7 we prove Lemma 17.61 and use to prove Theorem 17.81 

1. Preliminaries 

In this paper all rings are Noetherian and all modules are assumed finite i.e., 
finitely generated. Let (A,m) be a local ring of dimension d with residue field 
k — A/m. Let M be an ^-module. If m is a non-zero element of M and if j is 
the largest integer such that m £ M, then we let m* denote the image of m in 
m-^M/m-'+^M. If L is a submodule of M, then L* denotes the graded submodule of 
G{M) generated by aU I* with I e L. It is well known that G{M)/L* = G{M/L). 
An element a; G m is said to be superficial for M if there exists an integer c > 
such that 

(m"M : Mx) n m^M = m"~^Af for aU n> c. 

Superficial elements always exist if k is infinite jlll p. 7]. A sequence xi,X2, ■ ■ ■ ,Xr 
in a local ring {A^ m) is said to be a superficial sequence for M if xi is superficial 
for M and Xi is superficial for M/ [xi, . . . , Xi_i)M for 2 < i < r. 

Remark 1.1. If the residue field of A is finite then we resort to the standard trick 
to replace ^ by ^' = A[X]s and M hy M' = M (g)A A' where 5 = \ mA[X]. 
The residue field of A' is k{X), the field of rational functions over k. Furthermore 

H{M', n) = H{M, n) Vn > and deptho(^,) G(Af') = depthg(^) G(M). 

Clearly projdim^/ M' = projdim^ M If yl is a Gorenstein (hypersurface) ring then 
A' is also Gorenstein (hypersurface) ring. If A has a canonical module lua then A' 
also has a canonical module ua' = ^^A A'; cf. 2, Theorem 3.3.14]. 

Below we collect some basic results needed in the paper. For proofs see |1()| . 

Remark 1.2. Let {A, m) be a Cohen-Macaulay local ring with dim A — d > 0. Let 
M be a finite CM A-niodule of dimension r. Let xi , . . . , be a superficial sequence 
in M with s < r and set J = (xi, . . . ,Xs)- The local ring {B,n) — {A/ J,m/ J) and 
B-module N = M/JM satisfy: 

1. xi, . . . , is a M-regular sequence in A. 

2. TV is a CM B-module. 
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3. ei{N) = ei{M) for i = 0, 1, . . . , r - s. 

4. When s = 1, sot x = xi and fe„(.x, Af) = A(m"+iM: Ma;)/m"M). We have: 

a. 6o(x, M) = and 6„(a;, M) = for aU n > 0. 

b. 7?(M, n) = Eto ^(^' ^) - ''"(^' M) 

c. e,(M) = e,(7V) - (-l)'" Y.^>o H^, M). 

d. X* is G(M)-regular if and only if fe„(.x, M) = for all n > 0. 

5. a. depth G(M) > s if and only if x\^ ■ ■ ■ ,x* is a G{M) regular sequence, 
b. {Sally descent) depth G(Af) > s + 1 if and only if depth G(A'') > 1. 

6. If dimM = 1 then set pn{M) = A(m"+iM/xm"M). We have 

a. iJ(M, n) = e(M) - p„(M). 

b. ei{M) = E,>i_i G^)Pi(M) > for all i > 1. 

7. If xi, . . . , Xs is also A-rcgular then Syzf (iV) ^ Syzf (M)/J Syzf (M) 

8. depthG(M) > s if and only if huiz) = hN{z). 

9. M has minimal multiplicity if and only if xi(M) = 0. 

Remark 1.3. If (f) : (^,m) — > {B,n) is a surjective map of local rings and if M is 

a finite B-module then m^M = n^M for all n > 0. Therefore G^{M) = G„{M). 
The notation G{M) will be used to denote this without any reference to the ring. 
Also note that depth(3^(^) G(M) = depth(3^(5) G(M). 

1.4. Recall that the function n i-> A(M/m"+^M) is called the Hilbert- Samuel func- 
tion. Let Pm{z) be the Hilbert- Samuel polynomial. The following number 

(2) post(M) = min{n | pM{t) = X{M/m'+'^M) for all i > n} 

is called the postulation number of M (with respect to m). 



1.5. If f{z) = Efc>o e Z[0] then for * > set ei(/) = /W(1)A! = Efc>i ( 



It follows that if ai > for alH > then ei{f) > and Xiif) > for all i > 0. The 
following Lemma can be easily proved. 

Lemma 1.6. If g{z),p{z),q{z) and r{z) are polynomials with integer coefficients 
that satisfy the equation (1 — z)g{z) — p{z) — q{z) + r(z) then 

(i) eo{q) = eo(p) +eo(r). 

(ii) e,{q) = e,{p) + e,{r) + e,^i{g) fori>l. 

(iii) Xo{Q)=Xo{p)+Xo{r)+9{0). 

(iv) Xi{Q) = Xi{p) + Xtir) + Xi-i{9) for i > 1. 

(v) // all the coefficients of g are non-negative then for i > we have 

ei{q) > ei(p) + e»(r) and Xi{q) > Xi{p) + Xiir). □ 



Remark 2.1. For each n > and t > set Lt{M)„ = Torj'^(A/m"+\ M). For 
f > let Lt{M) = 0,j>o Li{M)n- If a;i, . . . , is a sequence of elements in m, then 
we give Li{M) a structure of a graded j4[Xi, . . . , Xs]-module as follows: 

For z = 1, . . . , s let : A/vci^ — > A/m"+^ be the maps given by ^j(a + m") = 
Xia + m"+^. These homomorphisms induces homomorphisms 



and set 




2. Basic Construction 



Tor^(^i,M) : Tort^(A/m", M) Tor^(A/m"+\ M) 
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Thus, for i = 1, . . . , s and each t we obtain homogeneous maps of degree 1: 

X, : Lt{M) Lt{M). 

For i,j = l,...,s the equahties ^^^j — ^j^i yields equahties XiXj — XjXi. So 
Lt{M) is a graded A[Xi, . . . , X^J-module for each t > 0. 

Proposition 2.2. Let M,F, and K he finite A-modules and let xi, . . . , Xs be a 

sequence of elements in m. If Lt{M), Lt{F) and Lt{K) are given the A[Xi, Xs]- 
module structure described in E.emark \2. 1\ then 

1. Every exact sequence of A-modules ^ K ^ F M ~> induces a long ex- 
act sequence of graded A[Xi, . . . , Xs]-modules 

> Lt+iiM) ^ Lt{K) ^ Lt{F) ^ Lt{M) ^ > Lo{M) ^ 0. 

2. For i = 1, . . . , s there is an equality 

m"+iM: MXi 



ker(Lo(M)n-i ^io(Af)„) = 



3. If Xi € m \ is such that x* is G{M)-regular then Xi is LQ{M)-regular. 

4. If F is free A-module and Xi is K -superficial for some i then 

(a) kcr (Li(M) ^ Li{M))^ = /or n > 

(b) If X* is G{K) -regular then Xi is Li{M) -regular. 



Proof. To prove part 1, set S ~ A[Xi, . . . ,Xs], 

(3t,n = Torf (^/m"+\/3) : Torf (A/m"+\ X) 

at^„ = Torf (A/m"+\a) : Torf (A/m"+\ F) 
and consider the connecting homomorphisms 

6t+i,n : Torf+i(A/m"+\il/) ^ Torf (A/m"+\ i^) 



Torf (^/m"+\F) 
Torf (A/m"+\Af) 



By a well known theorem in Homological algebra if X is a free resolution of K and 
Z is a free resolution of M then there exists a free resolution Y of and an exact 
sequence of complexes of free A-modules 0— >X^Y^Z^O whose homology 
sequence is the given exact sequence O^K^F^M^O. This yields for each 
n a commuting diagram of complexes with exact rows ; 



0- 



■X® A/m" 



■ Y® A/m" 



0- 



■X® A/m^ 



ji+i 



■Y (g>A/m 



71+1 



^ Z ® v4/m" - 
Z ® A/m"+i 



■0 



In homology it induces the following commutative diagram : 



■Lt+l{M)n-l — 



{M)r 



UF)„.T^ 



Xi 

■Lt{F)r^ 



This proves the desired assertion. 

Remark 2.3. We will use the exact diagram above often. So when there is a 
reference to this remark, I mean to refer the commuting diagram above. 
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The second part is clear from the definition of the action Xi. Part 3. follows 
from 2. If F is free, then Li{F) — 0, so 1. gives an exact sequence of S'-modules 

— > Li(Af) Lq{K). Together with 2. and 3. this yields the assertions in 4. □ 

Remark 2.4. If (A, m) is CM of dimension d and M is maximal non-free CM then 
by ^3 Remark 23] there is an equality 

(3) Yl ^ (Torf (Af, A/m"+i)) = here Im{z) E Z[z] and Im{1) ^ 

n>0 ^ ' 

(4) (1 - z)Im{z) = /iSyzf (Af)(^) - fJ.{M)hA{z) + huiz). 
We study the case when dim A ~ 0. 

Lemma 2.5. If Ami A = and M is any finite A-module then for all i >0 

1. /i(M)e,(A) > e,(M) + e,(Syzf (M)) anrf M(Af)x.(A) > x.(M) + x«(Syzf (Af)). 

2. /i(Af)e,(yl) > e^{M) and ^(Af)x»(^) > X*(A^)- 

Proof. Note that when dim A = we get that Im{z) has non- negative coefficients. 
Using Q ) and Lemma [l.6l v we get 1. and 2. The assertion 3. follows from 1. 
and 2. since N = Syzf (Af) has dimension zero and so hjyi{z) has non-negative 
coefficients. Therefore ei{N) and Xi{^) £^re non- negative for i > (see (ll.5|l ). □ 

2.6. It follows from Lemmal^3 that if G{A) and G{M) is CM then e,(A)/i(A/) > 
ei(Af) for all i > 0. 

Remark 2.7. In view of the Remark 12.41 and (|2.t)|) it is quite important to under- 
stand L\M) = 0„>o Torf (Af, A/m"+i) when Af is MCM. In the next Lemma we 
answer the question when dimAi^ = 1. 

Lemma 2.8. Let (^,m) be a Cohen- Macaulay local ring of dimension one, let M 
he a non-free maximal Cohen- Macaulay A-modules and let 

— >E — >F — > M — >Q 

he an exact sequence with F a finite free A-module. Let x he A® M ® E -superficial. 
If Li{M) is given the A[X]-module structure described in Remark \2. 1\ then we have 

1. There is an m-primary ideal q such that i:\A[X]Li(M) — 0. Furthermore 
Li(M) is a Noetherian A/q[X]-module of dimension one. 

2. (1 - z)Im{z) = hE{z) - hpiz) -I- hM{z). 

3. If G{E) is CM then X is Li{M) -regular. Furthermore 

e^{F) > e,{AI) + e,{E) and x^{F) > X^{M) + x^{E) for all t > 0. 

Proof. 1. Since dim A = 1 and M is non- free, it follows from Lemma 12.81 that 
A(Li(Af)„) is a non-zero constant for large n. Since X : Li(Af)„ — > Li(Af)„+i 
is injective for large n and since A(Li(Af)„) is constant for large n, it follows 
that Li{M)n+i — XLi{M)n for large n, say for all n > s. For n > set q„ = 
ann^Li(M)„. Note that q„ is m-primary for all n. Since the map X : Li(Af)„ 
Li{M)n+i is bijective for all n > s we have q„ = c\s for each n> s. Set q = n*^gq„. 
Clearly qLi(Af)„ = for each n > 0. Thus Li{M) is an A/q[X] module. For each 

1 = 0,1, . . . , s choose a finite set Vi of generators of Li{M)i as an A-module. It is 
easy to see that Ui=o^^ generates Li(Af) over A[X]. Since \{Li{M)/XLi{M)) < 
oo and A(Li(A/)) = cxd it follows that dimLi(Af) = 1. 
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2. By Schanuel's lemma, P p. 158] we have i^eSyzf (A/) = E®A^''^^'^\ Therefore 
(1 - z)Im{z) = /isyzf (M)(2) - ti{M)hA{z) + hM{z) = hsiz) - hpiz) + hM{z). 

3. It is clear from 1. and Proposition 12.21 3 that X is Li(Af)-regular. It also 
follows from 1. that Im{z) is the /i-polynomial of Li(M) considered as an 
module. Set ef{M) = Since X is Li(M)-regular and dimLi(Af) = 1 we 
have that Im{z) is the Hilbert series of Li{M)/XLi{M). Thus all the coefficients 
of Imiz) is non-negative. Using 2. and Lemma ll.til v we get the desired inequalities. 

□ 

3. MONOTONICITY 

The following remark will be used often. 

Remark 3.1. Let f{z) = X]n>o ^'^ ^ formal power series with non-negative 
coefficients. If the power series g{z) = X]n>o ^n^" satisfies g{z) — /(z)/(l — z), 
then bn = J27=o '^i^ sequence {6„} is nondecreasing. 

The next proposition yields an easy criterion for monotonicity. 

Proposition 3.2. Let M be an A-module. Set k — A/va. // depth G(Af) > 1 then 
the Hilbert Junction of M is non- decreasing. 

Proof. Using Remark 11.11 we may assume that k is infinite. Thus there exists 
X G m \ m^, such that a;* is G(Af)-regular. It follows that the Hilbert function of 
M is non-decreasing. □ 

We deduce Theorem ^ from the following result. 

Theorem 3.3. Let (Q,m) be a local ring with depth G((5) > 2 and let M be a 
Q-module. //projdimgA/ < 1 then the Hilbert function of M is non- decreasing. 

Proof. It is sufficient to consider the case when the residue field of Q is infinite (see 
Remark ll.l|) . Since projdimQ Af < 1 we have a presentation of M 

(5) — > Q" — > g™ — >M — >Q with < n < TO. 

Let x,y be elements in m \ such that x*,y* is a G((3)-regular sequence. Let 
LoiQ), Lo{M) and Li{M) be the F] -modules described in Remark [Q 
By Proposition 12 . 21 3 we get X is io(Q)-regular. Set B = Q/{x) and notice 

xlM'^.v:^)-'''^''^- 

Since G{B) = G{Q)/x*G{Q) we see that y* is G(S)-regular. Proposition I03 
shows that Y is Lo(i^)-regular. Thus X, F is a io(Q)-regular sequence. 

Using the exact sequence (O and Proposition l2.2l l. we obtain an exact sequence 
of graded F] modules 

(6) L,{M) LoiQr ^ LoiQr M^) 0. 

Set K = image (/). Since X is Lq{Q) regular we see that it is both K and Li{M)- 
regular. So the exact sequence — > Li{M) — ^ io(Q)" K ^ yields the exact 
sequence 

LUM) LJO)"" K 
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Since Y is Lo(Q)'VXLo(Q)" regular it follows that Y is Li{M)/XLi{M)-iegn\ar. 
Thus X,Y is an Li{M)- regular sequence. 
The regularity of X, Y implies equalities 



V A(Lo(Q)<)2* = Y^ \2 ^^^^"^ "(^) = \ (V v\T (n\ 



i>0 



-1 



Using the exact sequence Q we get 

A(Lo(M),)z* = (m - n)^^^ + 
i>0 \ ) \ ) 

The equality i/Ml^:) ^ (l - z) J2^>Q XiLo{M),)z' yields 

i7Af(2;) = (to - n)u(z)/(l - z) + - z). 

Now Remark l3 . 1 1 shows that the Hilbert function of M is non-decreasing. □ 

We obtain Theorem^as a corollary to the previous theorem. 

Proof of Theorem^. We may assume that A is complete and so A = Q/{f) for 
some regular local ring (Q,n) and / G n^. Then depth M = dimQ — 1 and 
projdimg M = 1. Using Theorem 13.31 it follows that the Hilbert function of M 
is non-decreasing. □ 

Since the Hilbert function is increasing if depth G{M) > 0, we construct a MCM 
module M over a hypersurface ring A such that depth G'(M) = 0. 

Example 3.4. Set Q = k[[x, y]] and n — {x, y). Define M by the exact sequence 

— > Q2 ^ Q2 — yM — > where 
X y 

-v" 

Set (A,m) = (Q/(j/3),n/(?/3)). Note y^ = det(0) annihilates M. So M is a MCM 
A-module. Set K = Syzf(M). Note that G{Q) = k[x*,y*]. Since y^M = , we 
have that if P e Assg(q) (G'(M)) then P D (y*). So we get that x* ^ P if P is 
a relevant associated prime of G{M). Therefore x* is an M-superficial element. 
We show depth G(M) — 0. Otherwise bv II. 21 5. a we get that x* is G(A/)-regular. 
However if toi,TO2 are the generators of M then xmi = y^ni2 G n^Af and this 
implies toi e (n^M: mx) = nM, which is a contradiction. 

The next corollary partly overlaps with a result of Elias : all equicharacteristic 
CM rings of dimension 1 and embedding dimension 3 have non-decreasing Hilbert 
functions. See ^IsL p. 337] for an example of a complete intersection ring (A, m) of 
dimension 1 and codimension 2 such that depth G'(^) = 0. 

Corollary 3.5. // {A,m) be a complete intersection of positive dimension and 
codimension 2 then the Hilbert function of A is non- decreasing. 
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Proof. We may assume that A is complete and hence A = Q/(f,g) for a regular 
sequence /, 5 in a regular local ring (Q, q). Set (i?, n) = {Q/{f ), q/ (/)). Then G{R) 
is Cohen-Macaulay, dim A = dim i?— 1 and projdim^ A = 1. Therefore by Theorem 
13.31 we get that the Hilbert function of A is non-decreasing. □ 

Another application of Theorem 13.31 yields the following: 

Theorem 3.6. Let (A, m) be a Noetherian equicharacteristic local ring of dimension 
d > and let M be a MCM A-module. Let L he an m-primary ideal in A with 
fi{L) = d + 1. Then the Hilbert function of M with respect to L is non- decreasing. 

Proof. Without any loss of generality we may assume that A is complete. Let 
/ = {xi, . . . , Xd+i). Since A is complete and equicharacteristic it contains a subfield 
k = A/m. Set R — k[[Ti, . . . , Td+i]] and let n be its unique maximal ideal. Consider 
the local homomorphism cj) : R ^ A defined by (/'(T^) = Xi. Then A becomes an 
i?-module via (j). Since A/nA ^ A/L has finite length we get M is a finite i?-module. 
It can be easily checked that AI is a CM i?-module of dimension d. 

Since R is regular, projdim^ M is finite. So projdim^ M = depth i? — depth Af = 
1. Therefore by Theorem EH it follows that H„{M,j) is non-decreasing. Note that 
niM = for each j > 1 and so Hn{MJ) ^ \{L'^ M / 1'^+'^ M) for each j > 0. 

This establishes the assertion of the theorem. □ 

4. Hilbert coefficients 

4.1. In this section Eg denotes the sxs identity matrix. Let {Q, n) be a regular local 
ring, / e \ n'^+\ e>2, A = Q/(f), M a MCM ^-module and K = Syzf (M). 

By a matrix-factorization of / we mean a pair (</), ip) of square-matrices with 
elements in Q such that 

(j)tP = iP(P^ fe. 

If M is an ^-module then projdinig AI = 1. Also a presentation of AI 

— > Q" ^ g" — > AI — > 

yields a matrix factorization of /. See p. 53] for details. 

In the sequel ((/'Af,'0A/) will denote a matrix factorization of / such that 

— > g" g" — ,AI — >0 

is a minimal presentation of AI. Note that 

— > g" g" Syzf (Af) — > 

is a not-necessarily minimal presentation of Syz^(Af). 
If (f) : g" — > g™ is a linear map then we set 

«0 — max{i I all entries of (j) are in n*}. 

If AI has minimal presentations: g" g" M ^ and 

g" ^ g" AI 0, then it is well known that i^ = i^jji and det((/)) — 
wdet(0') with u a unit. We set i{AI) = i^ and det(A/) = (det((/!))). For g e Q, 
5 7^ 0, set VQ(g) = max{i | g G n'^}. For convenience set vq{Q) = 00. Note that 
s{Q/{g)) = '^Q{g) for any g ^ 0. We first consider the case when dimA — 0. 
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Remark 4.2. Let (Q,n) be a DVR, wq(/) = e, A = Ql{f) and M a finite A- 
module. If n = {y) then / = uy'^, wliere u is a unit. Therefore as an Q-module 

^ - Qliy"') with 1 < ai < . . . < a^(M) < e. 

i=l 

This yields a minimal presentation of M: 

^ Q« 1> Q« ^ A/ ^ where ij},, = S.^y"^ . 

This yields 

(1) i{M)^ai. 

(2) hMiz) = ii{M){l + Z + ... + z*(^)-i)+ higher powers of z 

(3) hoiM) >hi{M)>...> h,{M). 

(4) M is free if and only if i{M) = e. 

(5) As an Q-module K ^ 0fif ^ Q/iy"'"')- 

(6) e(M) > ii{M)i{M) and ei(M) > /i(M)(*(f )). 

(7) WQ(det(/)) > i{M)^i{M) with equality iff e(M) i{M)^{M). 

We note an immediate corollary to assertion 3. in the previous remark. 

Corollary 4.3. Let (A, m) be a hypersurface ring of dimension d. Let M he a MCM 

A-module such that G(M) is CM. If hM{z) = ho{M) + hi{M)z H h hs{M)z'' is 

the h-polynomial of M then ho{M) > hi{M) >...> hs{M). 

Proof. We may assume that A is complete with infinite residue field, hence A = 
Q/{f) for some regular local ring (Q, n). Consider M as a Q-module. Let 
be a Q © Af-superficial sequence. Set J — (xi, . . . ^Xd), (i?, q) — (Q/J, n/J), B — 
A/, J and N = M/JM. Note that i? is a DVR. Since G{M) is CM we also have 
hufiz) = hN{z) and so the result follows from Remark ^2l3). □ 

To use the other assertions in Remark 14.21 we need the following definitions. The 
notion of superficial sequence is extremely useful in the study of Hilbert functions. 
We need to generalize it to deal also with a presentation of a module. 

Definition 4.4. Let (Q, n) be a regular local ring, / G n"^ Vn^^^^, e>2, A — Q/{f ) 

and M a MCM ^-module. Let ^ Q" Q" ^ M ^ be a minimal presentation 
of M. We say that x S n is (j)- superficial if 

(1) a; is (Q © M ® ^)-superficial. 

(2) If = {<j)ij) then i;Q((/)y)^ vq/xq{(I)ij) 

(3) t;Q (det ((/)))= i;Q/^Q(det(0)). 

Since e{Q/{g)) = vq^g) for any g it follows that if x is Q©M©Affi 
'5/('/'y )) ® Q/Aei{(j)) -superficial then it is (/)-superfIcial. So ^-superficial 
elements exist if the residue field of Q is infinite. 

If X is (/)-superficial, then clearly i{M) — i{M/xM). Also note that Q/xQ is 
regular and we have an exact sequence 

„ f QX" 4>®qQ/xQ^ / _Q_\" ^ _M_ ^ 

\xQj \xQJ ' xM ' 

This enables the following definition: 
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Definition 4.5. Let (Q, n) be a regular local ring, / G n*^ \ n'^+^, e > 2, A ~ Q/{f) 

and M a MCM ^-module. Let ^ Q" ^ Q" ^ M ^ be a minimal 
presentation of M. We say that xi,...,Xr is a cf)- superficial sequence if Xi is 
(0 ®Q Q/{xi, . . . , a;i_i))-superficial for i = 1, . . . , r. 

Notation: Let M be an A- module, li x is A® M superficial (or more generally 
it is superficial with respect to to an injective map : Q" Q") then set {B,n) = 
{A/{x),m/(x)) and N = M/xM. 

We need a few preliminaries before we prove Theorem 2. 

Lemma 4.6. Let [A^ m) he a CM local ring of dimension d > with infinite residue 

field. Let M he a CM A-module of dimension 1 with a presentation G ^ F — > 
AI — > such that all entries in (p are in m'. // depth G(A) > 1 and x is a 
A © M -superficial element then 

1. {m'+^M: Mx) = m'M for i ^ 0, . . . ,1 - 1. 

2. Furthermore i/m'M C xM then depth G'(M) > 1. 

Proof. Set hi{M) = A((m*+^Af : Mx)/m^M). Since all the entries of are in m' we 
have that 0oj-i — (t>® A/vn? = for j = 1, . . . , Z. 

1. Note that bQ{K) = for any A-module K. Fix i with I < i < I - I. Let 
p e {m^'^^M: mx). Let u be the pre-image of p in F. Using the commutative 
diagram l2.3l and since (/<o,i and 0o,i+i = we obtain that xu £ m'^'^^F. Since x 
is ^-superficial and depth G{A) > 1 we get bv ll.2l 5.a that x* is also G(A)-regular. 
Therefore u e m'-F and so p G m'M. Thus hi{M) = 0. 

2. Since m'M C xM we get that n'iV = and so Y!i=l H{N, i) ^ e{N) = e{M). 
Using n~^ 4.b we get that 

H{M, l-l)=Y^ H{N, i) - bi^i{M) = e{M) 

i=0 

Using 6. a we obtain m'M — xm'~^Af . So we have that m'+^Af — xm^M for all 
i > I — \. So we obtain that bi{M) = for all i > Z — 1. This combined with 1. 
yields that a:* is G(Af)-regular. □ 

An interesting consequence of the lemma above is the following lemma which 
gives information about the Hilbert function of a MCM module over a hypersurface 
ring of dimension 1. 

Lemma 4.7. Let {Q,n) be a regular local ring of dimension two, / G n*^ \ n'^"'"^, 
e>2, A = Q/{f). LfM is a MCM A-module, then 

hMiz)^^i{M){l + z + ... + z'^^'^^-^)+ h^{M)7J and h,{M) > yi. 

i>i(M) 

Proof. As dimAf = 1, the Hilbert series of M is /im(^)/(1 - z). The Hilbert 
function of A/ is non-decreasing by Theorem ^ Therefore all the coefficients of 
hM{z) are non-negative. Set hi{M) = A((m*+^Af: A./x)/m*Af). Since 
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is exact and all the entries of ch are in i{M) we get by Lemma Oil that bi{M) 
for i — 0, . . . , i{M) — 1. This and Remark 4.1.1 yields that 

hMiz)=^iiM){l + z+... + z'<^^'^-^)+ h,{M). 

i>i(M) 

□ 

Next we get an upper bound on I such that m'M C xM holds. 

Remark 4.8. If dimA — 1 and x is ^-superficial then note that since the ring B 
has length eo(^) we get that m'^'''-'^'' C (x). Therefore if dim A = 1, M a maximal 
A-module and x\s A® M-superficial then V(\'''>'-^^M C {x)M 

The next lemma deals with the case when M is a syzygy of a MCM A-module. 

Lemma 4.9. Let {A,m) be a CM A-module of dimension land let L be a non 
free MCM A-module. Set M = Syzf (L). If x is {A ® M ® L)- superficial then 

^eo(A)-l^j C {x)M. 

Proof. By Remark 14.81 we have m'^"^'^^ C [x). We also have an exact sequence 
: Q^M^F^L^Q where F is a free A-module. Set G = F/xF and 
W = L/xL. Going mod x we get Q ^ N ^ G ^ W ^ Q. Note that N C nG. 
Therefore n^«(^)-iAr C rf^'-'^^G = 0. It follows that m''°^^'^-^M C xM. □ 

Proof of Theorem\^ Clearly we may assume that k — Q/n is infinite. Let 

Q" Q" — > M ^ be a minimal presentation of M over Q. If dim A > 2, then 
choose xi, . . . , Xd to he a, maximal ^-superficial sequence. Set J = (xi, . . . , Xd-i). 
Since all the invariants considered in the theorem remain same modulo J it suffices 
to assume dim A < 1. When dim A = Q then all the results follow easily by Remark 

Therefore assume that dim A = 1. Let x be ^-superficial. Set R ~ Q/xQ, 
N = M/xM, 7 = the image of / in R and B = A/xA = R/(f ). Note that 

a. i{M) = i{N). 

h. e(M) = e(iV) and ei{M) > ei{N) ( by 1.2.3 and 1.2.4 ) 

c. i? is a DVR with maximal ideal say q = (y). 

d. VR{f) = vgif) = e. 

So 1. follows from Remark 14.21 and (b) above. 

2. If i{M) ^ e then since i{M) = i{N) we get by Remark|12l4 that TV is a free 
B module. So M is a free A-module. Conversely if M is free then clearly i{M) = e. 

3. Let M = F (B L where is a free A-module and L has no free summands. 
Note that i{L) = i{M). Since G{A) is CM it suffices to show G{L) is CM. Notice 
L = Syzf (Syz^(L)). If x is a A © L © A^-superficial, element, then by Lemma lOI 
we get m'=«('^)^iL C xL. Since A" ^ A" ^ L ^ is exact and depth G(A) = 1 we 
get by Lemma Ol 2 that G{L) is CM. 

4. By Proposition 14. 71 we get that 

/ijv^(z) = ^(M)(l + 2 + ... + z*(*^)-i)+ ^ hi{M)z' and /ii(M) > Vi. 

i>i(M) 

It follows that (i) and (ii) are equivalent. The assertion (iii) (ii) is clear, 

(i) =^ (iii). Note that At(iV) = iJi{M) and 
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;ijv(z) = M(Af)(l + z + ... + z^(*^)-i)+ ^ K{N)z\ 

i>i(M) 

Also all the coefficients are non-negative. Therefore e(M) = e{N) = i{M)ii{M) 
if and only if /im(^) = hN{z) = fi{M){l + z + . . . + zJ^^'^^-^). Since /iaK^) = ftwl^) 
we also get that G(M) is CM (seeOS). 

Note that since M is not free i{M) < e. We first assert that M has no free 
summands. Otherwise M — F (BW where F is free. This yields hM{z) ~ hpiz) + 
hw{z). Since all the coefficients of hp^z) and hw{z) are non-negative we get that 
coefficient of z'^~^ is non-zero. This contradicts (c). Therefore if {(j), ip) is a matrix- 
factorization of M then we have a minimal presentation of K 

— ^ Q" ^ Q" —> if 0. 
Let X be both (j> and i/j-superficial. Set N = M/xM and R = Q/{x). Since (a) 
holds then note that N = (i?/(y^(*-f)))^^*'"^\ Then 

Syzf (TV) - 

Since Syzf (iV) ^ K/xK we get that = e - /i(Af) and so 

e(i4') = e{K/xK) = fi{K/xK)i{K) ^ fi{K)i{K). 
Therefore by the equivalence of (i) and (iii) we get the required result. □ 

Remark 4.10. Theorem |5| can be applied to the case of Ulrich modules, that is, 
MCM modules that satisfy e(M) = fJ.{M). It is known, see 7', that Ulrich A- 
modules exist when A is a complete hypersurface ring. Using the previous theorem 
we get that if M is Uhich, then i{M) = 1 and so G'(Syzf (M)) is CM. Furthermore 
i(Syzf (A)) - e - 1 and /igyzf (m) = m(M)(1 + Z + ... + z^'^). 

An easy way to test the hypothesis of the previous theorem in the equicharac- 
teristic case is the following: 

Proposition 4.11. Let Q — k[[yi, . . . , i/d+i]] • Let M he a Q-module with a minimal 
presentation Q" ^ ^ Af ^ 0. Set 

(j) = where are forms of degree i 

i>i(M) 

Then detc/j^M) ^ if and only ifkM^z) = ti{M)(l + z + ... + 

Proof. Note that det (/i,(m) if and only if VQ(det 0) = i{M)fj,{M). 

Let / = det (j>. Note that A^T is a maximal A = Q/ (/)-module. Let xi, . . . ,Xd he 
a maximal ^-superficial sequence. Set J = {xi, . . . , Xd), R — Q/ J , f — image of / 
in i?, = M/JM and '^^ (j)^Q/J. Note that 

i{N)^i{M) and WflXdet^) = ^^(det </>). 

If det(l),(^M) 7^ then WQ(det0) = i{M)n{M). So VR{de\.'4>) = i{M)iJ.{M). There- 
fore by RemarkOT we get that e{N) = n{N)i{N). This yields e{M) = i{M)fi{M) 
and so by Theorem |21 we get the required assertion. Conversely if hM{z) = 
ti{M){l -f z -f ... -I- then by Theorem H we get that G{M) is CM. So 

/lAr(z) = hM{z). So we get e{N) = fi{N)i{N). Therefore by Remark lO 7 we get 
WK(det^) = i{N)fi{N) = i{M)n{M). So WQ(det(/)) = i{M)ii{M). □ 
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We give an application of the proposition proved above. 

Example 4.12. Set Q — fc[[yi, . . . , j/d+i]] and n to be the maximal ideal of Q. Let 
a, 6, c, c? be in n be such that f — ad — hc^O. Set A — Q/{f ). Set 

^=(c d) ^^^^ ^=(-t 'a) 
Define AI and K by the exact sequences 

^ ^ A/ and ^ ^ ^ 

Note that M and ivT are A- modules and K = Syzf (Af). 

1. If / G \ m"^ then M is an Ulrich A- module. 

2. If / G m'^ \ m'' then M or K has minimal multiplicity. Both are not Ulrich. 

To prove 1. note that i{M) = 1 and Aei{(f>i) ^ 0. So by Proposition 14. 1 1| we get 
that hM{z) = fi{M). So M is Ulrich. 

2. We first show that M and K are not Ulrich. As / G n'^ \ n"' we have 
i{M) — 1. Since / G n"^ we also get det((/)i) — 0. By Proposition 14. 1 ll we get that 
hniz) 7^ /^(Af). So M is not Ulrich. Similarly we get K is not Ulrich. Notice 
hA{z) = 1 + z + z^. By and Proposition II .51 fiv'l we have 

M(Af)xi(A) - xi{M) - XI (if) - Xo{Im{z)) = Im{1) - hM- 

Notice Zm(0) = ^.{K). By HOI Lemma 19] Im{'^) > eo{K). Since K is not Ulrich 
we have Xo(^m(z)) > 0. It follows that Xi{M) = or xi{K) 0. ByOS we get 
that M OT K has minimal multiplicity. 

5. Second Hilbert coefficient 

5.1. In this section A is CM and M is a MCM A-module. Set k = A/m. 

In view of^is natural to ask how do higher Hilbert coefficients of A, M and 
Syzf (Af) are related. Lemma \'2 . 81 indicates a way. 

Theorem 5.2. (with hypothesis as in \5.1\l Assume we have an exact sequence 
O^M^F^E^O with F free A-module and E a finite MCM A-module. If 
G{M) is CM and depth G{A) >d-l then 

1- e2{F)>e2{M) + e2{E) and X2{F) > X2{M) + X2{E). 
2. e,(F) > e,{M) and x^{F) > X^{M) for i > 0. 

Theorem 15. 21 is not satisfactory as there is no easy criteria for finding an MCM 
A-module E with G(Syzf (i?)) is CM. However if A is Gorenstein then every MCM 
A-module is a syzygy of a MCM A-module. This can be seen as follows: Let 
M he a MCM A-module. The module M* = HomA(A4^,A) is also a MCM A- 
module. Let N = Syzf (Af*) and F = A^yP''**^'. We have an exact sequence 
N ~> F ^ M* ^ 0. Dualizing we get M** F* ^ N* 0. Note that 
M ^ M**. Set S^{M) = N*. Interestingly S'^(Af) behaves well mod superficial 
sequences. 

Lemma 5.3. (with hypothesis as in \5.1\) . Let A be a Gorenstein ring. If x is 
A © M -regular then for the B — A/ {x)-module N — M jxM we have 

1. Honrs (A^,B) M*/xM*. 

2. Syzf (A'f*/a;A//*) =^ Syzf (A^*)/a; Syzf (A'f*). 

3. S'^{N)^S'^{M)lxS^{M). 
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Proof. 1. We use ^ Af ^ M ^ ^ to get a long exact sequence 
— > HoniA(iV, A) — > HomA(Af, A) ^ HomA(M, A) 
— > Ext^(7V, A) — > Ext^(M, A). 

Notice Ext^(Af, A) = as M is MCM and A is Gorenstcin 2, 3.3.10.d]. Using the 
isomorphisms }lomA{N,A) = and Ext^(iV,A) = }loiJiBiN,B) (see 3.1.16]), 
we get 1. Note that 2. holds since M* is MCM. To prove 3. we use 1. to get 

xRomA{Syz^{M*),A) 

S^{N) = RouiB (Syzf (Homs(iV,S)),S) = Rouib {Syzf {M* /xM*), B) 
Finally we use 2. to get the result. □ 

The following example shows that the hypothesis on depth G(y4.) in Theorem 15. 21 
cannot be dropped. 

Example 5.4. Set R = k[[x, y, z, u, v]] and q = (z^, zu, zv, uv, yz — v?, xz — v'^). Set 
A = R/q, E = R/q + {z) and M = (q + (z))/q. The ring A is CM and by P we get 
hA{t) = l + it+it^-t^. It is known depthG(A) = 0, see ^.3, 3.10]. Note that M and 
E are A- modules and we have an obvious exact sequence Q—^M-^A^E^Q. 
We show 

(a) E and M are MCM A-modules and G{E) and G{M) are CM. 

(b) ti{E)e^{A) t 63 (M) + ez{E) and ii{EyM) t ^3 

Proof (a). If we prove E is MCM then it follows that M is MCM. Notice 
^ ^ fc[[a:;,y,u,-i;]] ^ fc[[x,y,M,f]] ^ fc[[M,«]] r^^ 
(z, uu, u-^, w'^) (uw, (itw, U'^, w^) ' 

So E is MCM. Clearly G^{E) = ^Jg^ [x*, y*]. So G(S) is CM and hE^t) = 
1 + 2t + 2^2. Notice M is a cyclic A-module. Since (z, u, ?;)M = we get that M 
is a 5 = u) = fc[[x,?/]] module. Since M is also MCM S'-module it is free. 

As M is cychc and free M ^ S. Thus G(M) = k[x*,y*] is CM and hM{t) = 1. 
(b) Note that 63(7!) = -1, ^i{E) = 1, eaiM) = es{E) = 0. 

Proof of Theorem \5.!d We prove the result regarding e^. The result regarding Xi 
can be proved on similar lines. By Remark II. II we may assume k is infinite. 

When dim A = 1, assertion 1. follows from Lemma [2.81 When dimAf = 2, let a; 
be Af®£'®A-superficial. Set (B,n) = {A/{x),m/[x)), N = M/xM and G = F/xF 
and L = E/xL. Note that B is one-dimensional CM ring and N, L are MCM B 
modules, and we have an exact sequence O^iV^G— >i^0. 

Since G{M) is Cohen-Macaulay and depth G(A) > 1 we have that 62 (Af) = 
62 (iV) and e2{F) = 62 (G). Furthermore it follows from [06 that 62 (i^) < 62 (i). 
Therefore we have: 

e2(Af) + e2{E) < e2{N) + e2{L) < e2(G) = e2{F). 

Note that the second inequality above follows from the dimension one case. 

When dim A > 2 let xi, . . . , Xd~2 be a Af © E' © A-superficial sequence. Set 
J = {xi,...,Xd-2),iB,n) = {A/J,m/J),N = M/JM,G = F/JF and L^E/JE. 
By[n]6 we get that e2{E) = e2{L),e2{M) = e2{N) and e2(F) = e2(G). So the 
result follows from the dimension 2 case. 
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To prove (ii) note that since G{M) is Cohen-Macaulay and depth G{A) > d — 1 it 
suffices to consider the case when dim A = 1. Bv l2.8l 4 we get that ei{S^{M)) > 
for all i > 1. So we get e,{A)fi{M) > e,{M) by Lemma Ol □ 

Theorem O now follows as a corollary to Theorem 15 .21 

Proof of Theorem\^ By Remark ll.ll we may assume k is infinite. Set L* — S^{M) 
and F* = A^'y^<^'\ We have an exact sequence Q ^ M -> F* -> L* 0. The 
assertion of Theorem |3 follow from Theorem 15.21 □ 

6. First Hilbert coefficient of the canonical module 

In this section (A, m) is a CM local ring with a canonical module lua- It is well 
known that eo(wA) = gq{A). In Theorem01we obtain bounds for ei{ujA)- 

Proof of Theorem^ Using Theorem 18] it follows that ei(a;^) < Tei{A) with 
equality if and only ii A is Gorenstein. We prove the lower bound on ei{ujA)- There 
is nothing to prove when A is Gorenstein. So we assume A is not Gorenstein. By 
Remark ll.ll we may assume k = A/m is infinite. 

Reduction to dimension 1: Let xi, . . . be a maximal loa ® A superficial 
sequence. Set J = (xi, . . . ,2:^-1) and B = A/ J . Clearly _B is a CM local ring of 
dimension 1. We also have ujb = loaI J^A\ cf. |21 Theorem 3.3.5]. By Remark 
I1.2f 3') we have e\(B) = ei(A) and e\{ujB) = ei(wA)- Also type(A) = type(i3). 
(1.) Set u: = LOA and M'^ = HomA(M, w). We duahze the exact sequence — > ^ 
A'^ ^ cj ^ 0, to obtain the exact sequence (see |2I Theorem 3.3.10(d)]) 

(*) — >A — — — >0. 

Let a; be ^ © w © A^t.guperficial. For i > give Li(N^), Li{uj), and Li{A) the 
A[X]-module structure as described in Remark l2. II 
By Proposition 12. 21 1 we have an exact sequence 

(a) Li{N'') ^ Lo{A) Lo(cj^) ^ Lo{N^) 0. Set K = imagc,5. 

Note that N'^ is not free, since otherwise by (*) we get lu is free, a contradiction; 
since A is not Gorenstein. Using Lemma 12.81 there exists an m-primary ideal q 
such that Li(iVt) 

is a finitely generated R — A/q[X]- module of dimension 1. So 
K = ®„>o Kn is a finitely generated i?-module. Furthermore dimK < dimi? — 1. 
Set E„>o^(^")z" = Ik{z)/{1 - z) and Ixil) > 0. Note that /^(l) 7^ iff 
dim if = 1. Using (a) we get 

{b) {1 — z)Ik{z) = —Th^{z) + hA{z) + hpfi{z) and so 

(c) Tei{uj)^e,{A) + ei{N^) + lK{l). 

Since all the terms involved in (c) are non-negative it follows that 

(d) rei(w) > ei{A) with equality iff ei(A^'l') = ?k(1) = 0. 
This proves the assertion for lower bound of ciIlua) in (1). 

(3.) If G{A) is CM then x* is G(A)-regular lOS.a). Using Proposition 3 we 
get that X is Lo(^)-regular. From (a) it follows that either if = or X is an 
isT-regular element. 

If if = then using (6) we get that Thuj{z) = hA{z) + h^i{z). So Tei{uJA) = 
etiA) + e^{N'') for all i > 0. By JOle.b) e^TV^) > for aU i > 0. Thus retiujA) > 
ei(A) for all i > 0. 
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If if 7^ then X is if-regular. Also dim/f = 1. Thus K is a CM i?-module. So 
all the coefficients of Ik{z) are non- negative. Using (6) we get 

Te^iLOA) - e,{A) - e,(7Vt) = Z*^-'' (!)/(* - I)! > 
for i > 1. This gives (3), since diniA^^ = I and so ei{N'^) > for each i > 1. 

(2.) Set k = A/m. If ei{A) = Tei{uj) then from (d) it follows that ei{N^) = 0. 
Therefore A^t (and so iV ^ (7Vt)t) are Ulrich A-modules. So /^(-/V) — eo(A^) — 
(r — l)eo(A). Set e = eo(A). Let y be a ® w © A-superficial element. Set 
iB,n) = {A/{y),m/{y)). Note that N/xN fc(^-i)^ and = t^/yw. We also 
have an exact sequence k^'^~^^^ — > B'^ uob ~* 0. This yields an exact 
sequence 

(/) — > HomB(fc,fc(^"^)'') — > HomB(fc,S"") — > Homs(fc,ws) — > ■■■ ■ 
Note that HomB(fc,i?'^) = fc'^^ and IIomB(fc, ws) = fc. So by (/) we get that 
either = (r — l)e + 1 or = (r — l)e. 
Case 1: = (r-l)e + l. 

Since r ^ 1, we get r = e— 1. So t = A(n). Thus socle(i3) = n. Therefore = 0. 
So B has minimal multiplicity and therefore A also has minimal multiplicity. 
Case 2: = (t - l)e. 

So - 1 = (t - l)e - 1. As T 7^ 1, we get T + 1 = e - [l/(r - 1)]. Therefore 
T ^ 3. As A in not Gorenstein we have t — 2 and /i(n) > 2. So e = 4. There exists 
two possible Hilbert series for _B, namely 

(z) = 1 + 3z or (m) = 1 + 2z + 2;^. 

Claim: (ii) is not possible. Proof: Note that h = /^(m) — 1 = /^(n) = 2. So e = /i + 2 
and ft. = 2 = T. Then by ^ Theorem 6.12], we get 1 + 2z + z^. So 

ei(A) = 5 7^ 2ei(a;), a contradiction. Thus only (i) holds and so B (and therefore 
A) has minimal multiplicity. 

Conversely if A has minimal multiplicity then oj also has minimal multiplicity. 
In particular G{A) and G{uj) are both CM. Say hA{z) = 1 + hz. It can be checked 
that h = T. It follows that h^{z) = h + aiz. Since eo(A) — eo(w) we get ai = 1. 
Therefore we get ei(yl) = Tei(cj). □ 



7. GENERIC 

7.1. In this section A = k[[xi, . . . , a;^]]/q is CM of dimension d > 1 and q C (x)^. 
Unless stated otherwise the field k is assumed to be infinite. 

7.2. Let 1 < r < d. Set yj — X^iLi o^ij^i for J — 1, ■ ■ - r and aij € /c. We prove 
that for 'sufficiently general (= s.g)' aij, the Hilbert function of A/{y) remains the 
same. Notice for s.g aij we get y to be a superficial sequence. 

Construction 7.3. We describe a construction due to Marley "S", p. 32]. Let 
yi, . . . ,yr be an A-superficial sequence. Let K,(y) be the Koszul complex and for 
each n > 1 let Ki"-'(y) be the subcomplex 

^ m''+^-''Kr ^ . . . ^ m"A'i ^ m^+^ATo ^ 
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Let Ci")(y) = K.(y)/Ki"V)- So ci") = ci"V) is 









f-) 


^> i'l,! A 






> 







Clearly i/o(ci"') = v4/(y,m"+i). Also i7,(cl"') = for i > 1 and n > ^, 3.6]. 
Remark 7.4. As ci"' (y) is a bounded complex of modules of finite length we get 



(7) E("i)'^ (ci"^(y)) = (^•.(Ci"^(y)) 



If / : Z ^ Z is a function, set A(/) = f{n) - f{n - 1). Note © yields 

(^) = ^ (5^^) + ^^y' -^^--^ 

u;(y,n)=^(-irA(i/,(Ci")(y)) 

1=1 

It follows from Maiiey's result that w(y, n) = for n ^ 0. An easier way to see 
this is by using the Hilbert-Samuel polynomial. It can be easily checked that 

(8) w{y,n)=0 for n > max{post(A) + r, post(A/(y))}. 

Recall post(A) is the postulation number of the Hilbert-Samuel function, sec 

7.5. The invariant m.{A) by Trivedi ^21 is convenient for our purposes. Trivedi |12l 
Theorem 2] proved that post(A) < m.{A) when dim A > 0. Also it can be easily 
checked that if yi, . . . , y^. is a superficial sequence then m.{A/y) < m.{A). 
Thus using ((SJ it follows that 

(9) w{y, n) = for n > m(A) + r. 

Lemma 7.6. (with hypothesis as in \7.1^ Let 1 < r < d. Then for any two sets of 
r, s.g k-linear combinations of xi, . . . , say yi,...,yr and zi,. . . ,Zr 

H{A/{y),n) = H{A/{z),n) for each n>0. 

Proof. We use i7.2ir7.3i We prove w{y,n) is constant for s.g aij. Since w{y,n) — 
for all n > m.{A) for any superficial sequence, it suffices to show for each s > 1 we 
have dimfc Hs{Ct^\y)) is constant for s.g . Fix an integer s with 1 < s < r. 

. P (A \(-) 

Consider -0^ 



Let r\s-\ = sup {dimfc image -0^ ^ | y = j/i, . . . , is a superficial sequence} 

V 

Set yj = OLjj Xj , OLij € fc. 
Claim: For s.g ay dim^ image -i/'^^^ = '7s-i- 
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^^'^ ( r^n+i-s ) ^ image -0^ ^ - dimfc image V'^^s+i 



7.7. If we prove the claim then we are done since 
dinife i/s(ci"-'(y)) = dim^ keri/'^ - diuik image ip^ ,.^^ 

A 

= dimfc - Vs-i - r]s, for s.g a,,. 

Proof of Claim: Let {ui, . . . , Ug} be a fc-basis of A/vn^^'^^^ and let {wi, . . . , w;} be 
a /c-basis of y4/m"+^^'*. Then utCj^ A ■ ■ ■ A ej^ with 1 < < < 5, and 1 < ji < • • • < 

js < r is a /c-basis of (A/m"+^^*) ^'^-^ and VtCj-^ A ■ ■ ■ A ej^_-^ with 1 < t < I, and 

1 < ji < ■ • • < jm-i < r is a fc-basis of (^/m"+2-'') ^^^-^^ . Set 

UtXi — a^*'*''i'j for i = 1, . . . , (7 and z = 1, . . . , i^. 



Since Tjj = Yli=i '^ij^i^ have for t = 1, . . . , 5 and j = 1, , 



.4=1 / 4=1 »=i 



Then V^_,(utej,A • • • A Cj-J = A ■ • ■ A e^, A ■ • • A e^-^ 

g=l 

= E(-l)'+' j e,, A . • • A e,, A • • • A e,, 

= E E(-1)''+Vf ''^(a)t;je,, A • • • A e,, A • • • A e,. 
9=1 5=1 

Thus the map iIj^^ can be described by a matrix of linear forms in aij. Replacing 
the aij by variables we get a matrix E of linear polynomials with coefficient in k. 
Then by construction U ~ k'^ \ V {Iri{E)) is non-empty open subset of k" . For 
aij G J7, we get dim^ image "0^ ^ = ?/s-i- As indicated in 17.71 this finishes the 
proof. □ 

Application: We now give an application of Lemma f7. 61 to bound Hilbert co- 
efficients of a MCM module M if G{M) is CM. 

Theorem 7.8. Let (A, m) he a equicharacteristic CM local ring of dimension d > 0. 
Then there exists a Artinian local ring R and a one dimensional Gorenstien local 
ring T with the property with the property 
(*) If M is any MCM A-module with G{M) CM then 

1. e^{M) < e^{R)n{M) and Xt{M) < Xt{R)KM) for all i > 

2. ei{M) < e^{T) type(M) and Xi{M) < Xi{T) type(Af) for all i > 0. 

Furthermore if A = S/q where S = k[[xi, . . . , Xn]] with k is infinite and q C (x)^ 
then one can take R — S/q + (vi, . . . , Vd) and T — S/I+ {vi, . . . , Vd-i) where the v[s 
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are s.g linear combination of Xi, . . . , Xn and I = (/i, . . . , fr) is an ideal contained 
in q with grade q — r and fi, . . . fr is a regular sequence. 

Proof. Using Remark 1.1 we may assume that the residue field k of A is infinite. 
Also we may assume A is complete. This we do. By Cohen structure theorem we 
can assume A — S/q where S — k[[xi, . . . ,x„]] and q C (x)^. 

1. Let R = A/{vi, . . . ,Vd) = S/q + {vi, . . . ,Vd), where the v'^s are s.g linear 
combination of xi, . . . , Xn- 

We know that if y = j/i, . . . , are s.g linear combination of xi, . . . , Xn, then 
yi,. . . ,yd is an Af -superficial sequence and the Hilbert function of B — A/yA is 
equal to Hilbert function of R, by Lemma 17.61 

Set N = M/yM. By Remark IT^ we have ei{N) < e,{B)fi{N) for each i > 0. 
Note that fi{N) = ^l{M) and since G(M) is CM e,{M) = ei(7V), for i > 0. Since 
the Hilbert function of B is same as that of R we have ei{B) ~ ei{R) for each z > 0. 
So we get the result. 

2. First note that M is an MCM Q — S'//-module and Q is Gorenstein. Then 
one uses Theorem 3 and proves this assertion along the same lines as 1. □ 
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